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The atomic third-order open-shell many-body perturbation theory is developed. Spe-
cial attention is paid to the generation and algebraic analysis of terms of the wave
operator and the effective Hamiltonian as well. Making use of occupation-number
representation and intermediate normalization, the third-order deviations are worked
out by employing a computational software program that embodies the generalized
Bloch equation. We prove that in the most general case, the terms of effective in-
teraction operator on the proposed complete model space are generated by not more
than eight types of the n-body (n ≥ 2) parts of the wave operator. To compose
the effective Hamiltonian matrix elements handily, the operators are written in irre-
ducible tensor form. We present the reduction scheme in a versatile disposition form,
thus it is suited for the coupled-cluster approach.
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I. INTRODUCTION7
From the mathematical point of view, many-body perturbation theory (MBPT) is repre-8
sented by a number of recurrence equations which permit to construct a total wave function9
of many-body system up to the fixed amendment. The higher order excitations are involved,10
the larger number of corrections is found. Due to interactions of the valence electrons, this11
number drastically increases for open-shell atoms. Over the past decades, it has become12
generally accepted1–4 to build the wave operator which maps states in selected model space13
onto exact states of complex system Hamiltonian, upon the generalized Bloch equation, in-14
troduced by Lindgren et. al.5–7. Although, the practical application of this equation is far15
from being as mere as the theory is. The situation exceptionally changed, when symbolic16
programming tools appropriated sufficiently high level. Particularly, we exclude a compu-17
tational software program Mathematica8. There exist several symbolic packages, written18
to evaluate the diagrams or algebraic expressions of MBPT9–11. Nevertheless, the specific19
features, necessary in computations, are known, as a rule, to the authors only. Therefore we20
developed the symbolic package NCopertors12, and the computational part of the present21
study relies on this package. The package has been tested by generating the terms of the22
first-order wave operator and the second-order effective Hamiltonian.23
The other two parts of this paper are devoted to the construction of model space and the24
reduction of generated terms. A good survey to various aspects of the problems that merge25
the selection of model space can be found in the reports of Lindgren, Kutzelnigg et.al.13,14.26
On the one hand, we follow the traditional MBPT6 by excluding three types of the one-27
electron orbitals: core, virtual (or excited) and valence. On the other hand, we propose an28
algebraic investment that accounts for the operation of valence creation and annihilation29
operators on the model space in a strict manner (Sec. II). In the result, we formulate30
a precise statement which determines the amount of Fock space operators by the differing31
types of one-electron orbitals. That is, it ascertains the terms of the wave operator producing32
none zero contributions to the effective interaction operator. The theorem enables to simplify33
algebraic procedure, improving further on analysis (especially reduction) of terms. To apply34
the suggested formulation of PT, we display all obtained one-body and two-body terms of35
the third-order effective Hamiltonian in irreducible tensor form (Sec. III). The reduction is36
performed by using the angular momentum theory15,16. The reduction scheme is presented37
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in a versatile disposition form, thus it is suited with the coupled-cluster (CC) approach, if38
some elementary replacements are initiated. Meanwhile, we show how suggested algebraic39
approach results to a compactness and easily accessible form of terms. The method is based40
on the construction of effective n-particle matrix elements, rather than the writing of each41
algebraic expression side by side its diagrammatic visualization, as, for example, in the42
classical works of Ho, Lindgren et. al.2,3,6,17 as well as in the recently appeared papers18–21.43
II. THE SELECTION OF MODEL SPACE44
A. Hilbert space45
Suppose given a set X ≡ {hk}
∞
k=1 of orthonormal N -electron eigenstates hk of the central-46
field Hamiltonian H0 with the eigenvalues E0k. The configuration state functions (CSF) hk47
are characterized by the sets {ΠXk ΛkMk} of numbers: (i) the configuration parity Π
X
k = ±1;48
(ii) the irreducible representations Λk of group G, where Λk ≡ LkSk if G = SO
L(3)×SUS(2)49
and Λk ≡ Jk if G = SU(2). The indices Mk ≡ MLkMSk or Mk ≡ MJk enumerate the basis50
for Λk.51
By22, we let 〈, ·, 〉H : X × X −→ R be a real function, called the scalar product on52
N -particle Hilbert space H, where53
H = {hk : 〈hk · hl〉H = δkl, ∀k, l ∈ Z
+}. (1)
The infinite Hilbert space H is assumed to be separable, thus there exist the linear forms54
Ψ(i) ∈ H, the parameter ǫ > 0 and the integer Iǫ such that ‖Ψ(i)−
∑M
k=1 ck(i)hk‖H < ǫ for55
any M > Iǫ and ck(i) ∈ R, i = 1, 2, . . . , D. If particularly M = ∞, then Ψ(i) will denote56
the eigenstates of the N -electron atomic Hamiltonian H = H0 + V with the eigenvalues Ei,57
where V represents the perturbation.58
Along with the scalar product (or equivalently the norm ‖, ‖ =
√
〈, ·, 〉), we also propose59
a unit operator on H.60
Proposition II.1. The form 1̂ : H −→ H, expressed by61
1̂ =
∞∑
k=1
hkh
†
k, (2)
is a unit operator on N-particle Hilbert space H.62
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Proof. For the vectors hk, we immediately gather 1̂hk =
∑∞
l=1 hl〈hl · hk〉H = hk. In H, we63
may construct various linear forms Ψ ≡
∑M
k=1 ckhk ∈ H, ck ∈ R. Thus for the vectors Ψ, we64
get 1̂Ψ =
∑M
k=1 ck1̂hk = Ψ. This proves the proposition.65
B. Orthogonal subspaces66
From the given set X of orthonormal functions hk (Sec. IIA), we form a subset Y ⊂ X67
that is formed from the countable functions hk ≡ φk ∀k = 1, 2, . . . , d < ∞. We insist the68
functions φk to be identified by the sets of numbers {Π
YΛkMk}. Here the configuration69
parity ΠY is identical for all φk, for all k = 1, 2, . . . , d. The representations Λk are obtained70
by reducing the Kronecker products of irreducible representations λ which in turn label the71
one-electron orbitals. These orbitals are represented by two types6: core (c) and valence (v).72
We also insist the subset Y to be complete by means of the allocation of valence orbitals in73
all possible ways.74
Since Y = {φk}
d
k=1 is the subset of vectors of H, it is sufficient to introduce a finite-75
dimensional subspace P (dim P = d) of H by76
P = {φk : 〈φk · φl〉H = δkl, ∀k, l = 1, 2, . . . , d}. (3)
Then the orthogonal complement P⊥ ≡ Q = H⊖ P of P is defined by77
Q = {θk ≡ hd+k : 〈θk · θl〉H = δkl, ∀k, l ∈ Z
+}. (4)
This immediately implies that78
〈φk · θl〉H = 0 ∀k = 1, 2, . . . , d ∀l ∈ Z
+, (5)
thus the orthonormal functions θl form the complement Z = X\Y = {θl}
∞
l=1, and they are79
particularly characterized by the sets of numbers {ΠZl ΛlMl}. Let us study the properties80
of θl that are predetermined by the orthogonality in Eq. (5). First of all, Eq. (5) is true,81
regardless of whether ΠZl = Π
Y or not, as Z ∩ Y = ∅ and hk ∈ H (see Eq. (1)). Secondly,82
Eq. (5) does not exclude the functions θl that could contain core and/or valence orbitals of83
φk if Π
Z
l 6= Π
Y . By Eq. (1), on the other hand, we are not confined to form the infinite set84
X of functions hk in any manner if reserving the formal conditions, presented in Sec. IIA.85
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Considerably, we insist the functions θl to include the one-electron orbitals that are absent86
in all φk, irrespectively whether Π
Z
l = Π
Y or not. These orbitals will be called excited (e)87
or virtual.88
C. The model functions89
From now on, we assume that the number D of the selected eigenstates Ψ(i) of H equals90
to dim P = d. Then by Prop. II.1,91
1̂Ψ(i) = Ψ(i) =
d∑
k=1
φk〈φk ·Ψ(i)〉H +
∞∑
l=1
θl〈θl ·Ψ(i)〉H
=Φ(i) + Q̂Ψ(i), Φ(i) = P̂Ψ(i) =
d∑
k=1
ck(i)φk, (6)
where92
P̂ =
d∑
k=1
φkφ
†
k, Q̂ =
∞∑
l=1
θlθ
†
l , P̂ + Q̂ = 1̂, (7)
ck(i) = 〈φk ·Ψ(i)〉H = 〈φk · Φ(i)〉H ∈ R. (8)
The functions Φ(i) will be called the model functions of P (see Ref.6). In Eq. (6), if replacing93
Q̂ with Q̂ = (Ω̂−1̂)P̂ , then we simply get Ψ(i) = Ω̂Φ(i), where Ω̂ is called the wave operator.94
The procedure how to construct the generalized Bloch equation for Ω̂ is well known and it95
will not be presented here.96
D. The improvement of generation of Hilbert space operators97
In this section, we wish to select the rules that allow to generate the terms of the wave98
operator as well as the effective interaction operator efficiently. As it will be demonstrated99
later, the rules under consideration significantly improve the computation of terms of higher-100
order PT.101
The wave operator is represented by the infinite series, where the first term is 1̂. The rest102
of terms Ω̂(m) (m ≥ 1) consist of the sum of n-body parts Ω̂
(m)
n , where n = 1, 2, . . . depends103
on m. We define Ω̂n (for any m, in general) by104
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Ω̂n =
∑
αiβj
Q̂Ôn(αβ¯)P̂ ωα1α2...αnβ¯1β¯2...β¯n , (9)
Ôn(αβ¯) = aα1aα2 . . . aαn−1aαna
†
β¯n
a†
β¯n−1
. . . a†
β¯2
a†
β¯1
. (10)
In Eq. (9), the summation is performed over all types (e, v, c) of the one-electron orbitals.105
Hereafter, we do not write in the sum the concrete values of orbitals (. . . αi, . . . , β¯j, . . .), only106
designating their type (αi = zi, βj = zj , z = e, v, c). The quantities ωα1...αnβ¯1...β¯n denote107
some structure coefficients, composed of the product of one-particle and/or two-particle108
matrix elements (energy denominators included). In accordance with Eq. (7), the Fock109
space operators aα (creation) and a
†
β¯
(annihilation) are assigned as follows110
(A) acP̂ = 0, (C) avP̂ 6= 0,
(B) a†e¯P̂ = 0, (D) a
†
v¯P̂ 6= 0.
(11)
On the one hand, items (A)-(B) correspond to the definitions, presented in Ref.6 (Eq. (13.3),111
p. 288). On the other hand, items (C)-(D) are strictly determined and they realize the112
arguments6 (Sec. 13.1.2, p. 288) that it is possible to create as well as annihilate valence113
electrons in P. It will be demonstrated later that these items are of special significance.114
Moreover, items (C)-(D) point to the definition of the complete model space13 by means of115
the allocation of valence states in φk in all possible ways (see Sec. II B).116
The definition of Ω̂n conforms to the elucidation, enunciated in accordance with the117
generalized Bloch equation6 (Eq. (11.62), p. 247), as Ω̂n plays a role of operator, connecting118
Q and P spaces. (In diagrammatic representation Ω̂n includes open diagrams.)119
Here are the rules which establish the distributions of αi, β¯j providing none zero contri-120
butions of Ôn(αβ¯).121
Proposition II.2 (6, p. 292). The operator P̂ Ôn(αβ¯)P̂ 6= 0 ∀α, β = v.122
Proposition II.3. The operator Q̂Ôn(αβ¯)Q̂ 6= 0 ∀α, β = z.123
Proposition II.4. The operator Q̂Ôn(αβ¯)P̂ 6= 0 ∀α = e, v, ∀β = v, c.124
By Eq. (10), the self-adjoint operator Ô†n(αβ¯) = Ôn(β¯α). Thus, Proposition II.4 may be125
reformulated in a distinct way.126
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Corollary II.5. The operator P̂ Ôn(αβ¯)Q̂ 6= 0 ∀α = v, c, ∀β = e, v.127
The proof of Proposition II.2 is obvious, and it directly follows from Eq. (11).128
Proof (Proposition II.3). It suffices to prove that Q̂azQ̂ 6= 0, since in this case, the ex-129
pression Q̂a†zQ̂ = (Q̂azQ̂)
† 6= 0. By Eq. (11) and the expression P̂ + Q̂ = 1̂, we obtain:130
(1) Q̂acQ̂ = Q̂ac. But Q̂ac = (a
†
cQ̂)
† 6= 0. (2) The operator Q̂aeQ̂ = aeQ̂ 6= 0. (3)131
Q̂avQ̂ = [av, P̂ ] 6= 0, where [·, ·] denotes a commutator.132
133
The proof of Proposition II.4 immediately follows from Propositions II.2-II.3, and there is134
no point to present it here.135
Proposition II.4 agrees with the statement of Lindgren6 (p. 292), if the identity α = β = v136
is neglected. The last condition, as a rule, is simply postulated to be false; otherwise, due to137
zero-valued energy denominators, the infinite terms Ω̂n are observed. However, we will study138
the operators Q̂Ôn(vv¯)P̂ on the Hilbert space H in a more detail to show in which cases139
the rejection of the excluded condition α = β = v is true, since it has a direct connection140
to the properties of the model functions Φ(i) (see Eq. (6)) which form the subspace P (see141
Eq. (3)).142
Suppose for simplicity that n = 1. Also, let us mark (see Sec. II B)143
φk ≡ h
(
λNk1k1 λ
Nk2
k2 . . . λ
Nku
ku ΓkΠ
YΛkMk
)
, k = 1, 2, . . . d,
where λNkuku is the uth electron shell in φk; Γk denotes additional quantum numbers. Then144
by Eq. (7), the operator145
Q̂Ô1 (vv¯) P̂ =
d∑
k=1
∞∑
l=1
θl〈θl · φ
′
k〉Hφ
†
k, (12)
φ′k ≡ av1a
†
v¯1φk = (−1)
∑i−1
x=1Nkx+
∑j−1
y=1Nky+δij+1δλv¯1λki
× h
(
nk1λ
Nk1
k1 nk2λ
Nk2
k2 . . . nk i−1λ
Nk i−1
k i−1 nkiλ
Nki−1
ki nk i+1λ
Nk i+1
k i+1 . . .
. . . nk j−1λ
Nk j−1
k j−1 nkjλ
Nkj+1
kj nk j+1λ
Nk j+1
k j+1 . . . nkuλ
Nku
ku ΠkΛkMk
)
. (13)
The parity of the N -electron CSF φ′k equals to Πk = (−1)
lv1+lv¯1ΠY . It is assumed that a†v¯1146
and av1 annihilate and create the ith and jth valence states of φk, respectively. If Πk = Π
Y ,147
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then, by the definition of P, obtained functions h(. . .) on the right hand side of Eq. (13)148
belong to the set Y , and thus149
φ′k = (−1)
∑i−1
x=1Nkx+
∑j−1
y=1Nky+δij+1δλv¯1λkiφk′, k
′ = 1, 2, . . . , d.
Thus for i = j, we obtain a particular case k = k′, if the shell λNkiki in φk is labeled by λki = λv¯.150
In general, for some k, the functions φk′ are zeroes. Nevertheless, due to the completeness151
of the finite set Y (Sec. II B), there will always be at least one function φk with λki = λv¯.152
But 〈θl · φk′〉H = 0, ∀k
′ = 1, 2, . . . , d (see Eq. (5)). This implies Q̂Ô1 (vv¯) P̂ = 0. The153
generalization of studied example holds for any n.154
Corollary II.6. The operator Q̂Ôn(vv¯)P̂ = 0, if
∑n
i=1(lvi + lkv¯i) is even for those k values155
which determine the electron shell nkv¯iλ
Nkv¯i
kv¯i
in φk ∈ P.156
(Obviously, the condition in Corollary II.6 holds for P̂ Ôn(vv¯)Q̂ too.) In other words, Corol-157
lary II.6 represents an additional parity selection rule. The practical treatment of present158
rule in the study of triple excitations in CC approach can be found in Ref.18 (Sec. III-E, p.159
6).160
We can now summarize. The selected d-dimensional subspace P of N -electron separable161
Hilbert space H is assumed to be constructed of the set Y of same parity configuration162
state functions φk by allocating the valence electrons in all possible ways (complete model163
space). Additionally, in order to avoid the divergence of terms of the PT, we select the164
parity conservation rule in Corollary II.6 to be true. The subspace P will be called the165
model space.166
Finally, let us define the effective interaction operator by6 (Eq. (15.5), p. 386)167
W =
∑
n
∑
ξ≤4
Wn,ξ =
∑
n
∑
ξ≤4
{P̂ (V1 + V2)Ω̂nP̂}ξ, (14)
where ξ = 1, 2, 3, 4 denotes the number of contractions between the i-body parts (i = 1, 2)168
of perturbation V and the n-body parts of Ω̂ (for n+ i− ξ ≥ 0). On behalf of the definition169
of P, the associated operators Wn,ξ are generated by applying the following theorem.170
Theorem II.7. If the n-body part of the wave operator Ω̂ is defined by Eq. (9), then none171
zero terms of the effective interaction operator W on the model space P are generated by172
maximal eight types of the Fock space operators Ôn(αβ¯) for all n ≥ 2.173
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Proof. We refer to Proposition II.4 and Corollary II.6. None zero terms Wn,ξ are obtained,174
if at least for ξ = 4, the operators {P̂sV2Ω̂nP̂s}4 6= 0 are derived. This means Ω̂n includes at175
least (n − 2) creation and (n − 2) annihilation operators, designating the valence orbitals.176
Possible allocations of αi and β¯j (see Eq. (10)) orbitals for all i, j = 1, 2, . . . , n are these:177
(1)

α1 = e, αi = vi
β¯j = v¯j
i = 2, 3, . . . , n
j = 1, 2, . . . , n
(2)

αi = vi
β¯1 = c¯, β¯j = v¯j
i = 1, 2, . . . , n
j = 2, 3, . . . , n
(3)

α1 = e, αi = vi
β¯1 = c¯, β¯j = v¯j
i = 2, 3, . . . , n
j = 2, 3, . . . , n
(4)

α1 = e, α2 = e
′, αi = vi
β¯j = v¯j
i = 3, 4, . . . , n
j = 1, 2, . . . , n
(5)

αi = vi
β¯1 = c¯, β¯2 = c¯
′
β¯j = v¯j
i = 1, 2, . . . , n
j = 3, 4, . . . , n
(6)

α1 = e, αi = vi
β¯1 = c¯, β¯2 = c¯
′, β¯j = v¯j
i = 2, 3, . . . , n
j = 3, 4, . . . , n
178
(7)

α1 = e, α2 = e
′
αi = vi
β¯1 = c¯, β¯j = v¯j
i = 3, 4, . . . , n
j = 2, 3, . . . , n
(8)

α1 = e, α2 = e
′, αi = vi
β¯1 = c¯, β¯2 = c¯
′, β¯j = v¯j
i = 3, 4, . . . , n
j = 3, 4, . . . , n
Because of the anticommutation properties of creation and annihilation operators, the similar179
allocations of none valence orbitals hold for any selected i, j, not only i, j = 1, 2.180
Theorem II.7 also fits the effective Hamiltonian, given by the formula H
(m+1)
eff = P̂V Ω̂
(m)P̂ .181
In this case, the structure coefficients ω in Eq. (9) are replaced with ω(m), obtained from182
Ω̂(m). For m = 2, these coefficients will be displayed in the next section, where we examine183
a special case of the application of proposed formalism.184
III. THE THIRD-ORDER EFFECTIVE HAMILTONIAN185
In open-shell MBPT, the procedure to determine some fixed number i = 1, 2, . . . , d of186
energy levels Ei of N -electron atomic Hamiltonian H is addressed to the solution of eigen-187
value equations HeffΦ(i) = EiΦ(i), where the model functions Φ(i) are determined in Eq.188
(6). However, in practical applications, the accuracy of effective Hamiltonian Heff is finite.189
In this section, we consider the third-order contribution to Heff .190
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The third-order approximation H
(3)
eff is represented by Eq. (14), replacing Ω̂n with the191
second-order contribution Ω̂(2) =
∑4
n=1 Ω̂
(2)
n . Then192
H
(3)
eff =
2∑
m=1
4∑
n=1
min(2m,2n)∑
ξ=1
ĥ
(3)
mn;ξ; ĥ
(3)
mn;ξ = {P̂ VmΩ̂
(2)
n P̂}ξ. (15)
The task under consideration is divided into two parts: (1) the determination of Ω̂
(2)
n with193
n = 1, 2, 3, 4; (2) the construction of ĥ
(3)
mn;ξ for m+ n− ξ = 1, 2.194
A. The determination of terms of the second-order wave operator195
In the first part, the operators Ω̂
(2)
n are generated in accordance with Ref.6 (Eq. (13.30),196
p. 302). The terms are computed by using the NCoperators package which is programmed197
upon Propositions II.2-II.4 and Corollaries II.5-II.6. This part of computation is the most198
time consuming process. The generated terms are arranged by passing to Theorem II.7. The199
coefficients ω
(2)
αβ¯
, ω
(2)
αβµ¯ν¯ , ω
(2)
αβζµ¯ν¯η¯ and ω
(2)
αβζρµ¯ν¯η¯σ¯, located next to the operators Ô1, Ô2, Ô3 and200
Ô4 in Eq. (9), are treated as the effective one-, two-, three- and four-particle matrix elements201
on the basis of the product of accordingly same number one-electron eigenstates ϕ(nαλαmα).202
Here λα denotes the irreducible representation of G (Sec. IIA). The basis index acquires the203
values mα = −λα,−λα + 1, . . . , λα − 1, λα. Then the Wigner-Eckart theorem is applied to204
each matrix element, and the basis indices are excluded to the Clebsch-Gordan coefficients of205
SU(2). Despite of a large number of matrix elements ω(2), there are only a few of fundamental206
constructions to be examined; other elements are derived by varying the given ones. These207
SO(3)-invariant constructions are produced in Tabs. I-III. All computed effective matrix208
elements ω(2), necessary to form one-body and two-body terms of the effective Hamiltonian,209
are presented in an explicit form in Appendix A. The analysis of these elements is performed210
in the next part of computation.211
Let us study the structure
∑
ζµ¯ vζµ¯v˜µ¯αζβ¯/(εζβ¯ − εαµ¯) as an example. Here εαβ...ζ = εα +212
εβ + . . .+ εζ, where εα denotes the one-electron energy. The one-electron matrix element is213
given by vζµ¯ = 〈ϕ(nζλζmζ) ·v
τ1
m1
ϕ(nµ¯λµ¯mµ¯)〉H ≡ 〈nζλζmζ |v
τ1
m1
|nµ¯λµ¯mµ¯〉. The operator v acts214
on a single-particle Hilbert space H. Hereafter, the irreducible representation τ1 labels the215
one-electron operator v which befits to a second quantized form V1 in the generalized Bloch216
equation, written for Ω̂(2); the one-electron operator v, located in Ω̂(1), will be labeled by τ2;217
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TABLE I. The multipliers for effective one-particle matrix elements of Ω̂(2)
(ijξ) Element: Expression
(111) Sαβ¯(τ1τ2τ) :
(−1)λβ¯−λα−τ [τ1, τ2]
1/2
∑
µ
f(τ1λαλµ)f(τ2λµλβ¯)
εβ¯−εµ
{
τ1 τ2 τ
λβ¯ λα λµ
}
×〈τ1m1τ2m2|τm〉
(122) S˜αβ¯(τ1) :
2(−1)λα+λβ¯
∑
ζµ¯(−1)
λζ+λµ¯ f(τ1λζλµ¯)
εζβ¯−εαµ¯
∑
u [u]
1/2
{
τ1 λζ λµ¯
u λα λβ¯
}
×z˜(0λµ¯λαλβ¯λζuu)
(212) S˜′αβ¯(τ2) :
R̂
(
β¯ζ→µ¯
αµ¯→ζ
)
S˜αβ¯(τ2)
(223) S˜αβ¯ :
4δλαλβ¯ [λα]
−1/2
∑
u
∑
ρηζ(−1)
λρ−λη−u 1
εβ¯ζ−ερη
×z˜(0λαλζληλρuu)z˜(0λρληλαλζuu)
TABLE II. The multipliers for effective two-particle matrix elements of Ω̂(2)
(ijξ) Element: Expression
(110) Dαβµ¯ν¯(udτ) :
[τ1, τ2, u, d]
1/2 f(τ1λαλµ¯)f(τ2λβλν¯)
εν¯−εβ
〈τ1m1τ2m2|τm〉
×
{
λα λβ u
λµ¯ λν¯ d
τ1 τ2 τ
}
(121) Dαβµ¯ν¯(Uuτ1) :
2(−1)λα−λβ+λµ¯+λν¯+τ1 [U ]1/2
∑
ζ
f(τ1λαλζ)
εµ¯ν¯−εβζ
z(0λζλβλν¯λµ¯uu)
×
{
τ1 λα λζ
λβ u U
}
(211) D′αβµ¯ν¯(Uuτ2) :
R̂
(µ¯ν¯→ζ
βζ→α
)
Dαβµ¯ν¯(Uuτ2)
(222) Dαβµ¯ν¯(uu) :
4(−1)λµ¯+λν¯+u[u]−1/2
∑
ζρ
z(0λαλβλρλζuu)z(0λρλζλν¯λµ¯uu)
εµ¯ν¯−εζρ
(222) ∆αβµ¯ν¯(UU) :
4(−1)U−λµ¯ [U ]1/2
∑
ud
∑
ζρ(−1)
λζ+d [u,d]
1/2
εν¯ζ−εβρ
×
{
λα λβ U
λζ d λν¯
u λρ λµ¯
}
z(0λαλζλρλµ¯uu)z(0λρλβλζλν¯dd)
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TABLE III. The multipliers for effective three- and four-particle matrix elements of Ω̂(2)
(ijξ) Element: Expression
(120) Tαβζµ¯ν¯η¯(uτ1) :
2(−1)λν¯+λη¯+u f(τ1λαλµ¯)εν¯η¯−εβζ z(0λβλζλη¯λν¯uu)
(210) T ′αβζµ¯ν¯η¯(uτ2) :
R̂
(ν¯η¯→µ¯
βζ→α
)
Tαβζµ¯ν¯η¯(Λ1τ2)
(221) (−1)MTαβζµ¯ν¯η¯(DdU) :
4(−1)λη¯−λν¯+λζ+U [D]1/2
∑
uρ
(−1)λρ
εν¯η¯−εζρ
[u]1/2z(0λαλβλρλµ¯uu)
×z(0λρλζλη¯λν¯dd)
{
D d U
λρ λβ λζ
}{
λα λβ u
λρ λµ¯ U
}
(220) Qαβζρµ¯ν¯η¯σ¯(ud) :
4
εη¯σ¯−εζρ
(−1)u+d+λµ¯+λν¯+λη¯+λσ¯z(0λαλβλν¯λµ¯uu)z(0λζλρλσ¯λη¯dd)
the operator v in V1 of Eq. (15) will be labeled by τ0. We assume that v
τ1†
m1
= (−1)Υ(τ1m1)vτ1−m1218
and vζµ¯ = vµ¯ζ . This implies219
f(τ1λµ¯λζ) = ǫ(τ1λζλµ¯)f(τ1λζλµ¯), (16)
ǫ(τ1λζλµ¯) = (−1)
λζ−λµ¯[τ1]
−1
+τ1∑
m1=−τ1
(−1)m1−Υ(τ1m1), (17)
f(τ1λζλµ¯) = −
[λζ ]
1/2
[τ1]1/2
[nζλζ ||v
τ1||nµ¯λµ¯], (18)
where [x] ≡ 2x+1. The phase multiplier Υ is optional. Usually it is chosen to be equal to15220
Υ(τ1m1) = τ1 − m1. Then ǫ(τ1λζλµ¯) = (−1)
λζ−λµ¯+τ1 . Particularly, if vkq = rC
k
q represents221
the multipole momentum, then f(klµ¯lζ) = f(klζ lµ¯), since λζ,µ¯ = lζ,µ¯
1
2
and the reduced222
matrix element [lζ ||C
k||lµ¯] 6= 0, if lζ + lµ¯ + k is even. The state ϕ(nαλαmα) denotes either223
2-spinor or 4-spinor, thus Eqs. (16)-(18) hold for both – none relativistic and relativistic –224
approaches. We assume that the one-electron Slater integrals are involved in the definition225
of f . The two-particle matrix element with tilde equals to v˜µ¯αζβ¯ = vµ¯αζβ¯ − vµ¯αβ¯ζ , where226
the element vµ¯αζβ¯ = 〈nµ¯λµ¯mµ¯nαλαmα|g
γ
m|nζλζmζnβ¯λβ¯mβ¯〉. In general, the two-particle227
interaction operator g12 acts on H × H. However, g
γ is reduced and it acts on irreducible228
tensor space Hγ, obtained by reducing25 (Sec. 2, Eq. (3)) Hγ1 × Hγ2 . We also account229
for only scalar representations γ = 0, and self-adjoint operators g†12 = g12. This implies230
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TABLE IV. The expansion coefficients for one-body terms of the third-order contribution to the
effective Hamiltonian
(mnξ) h
(3)+
mn;ξ(Λ)
(111)
(−1)λv−λv¯ [τ0]
1/2
∑
Λ[Λ]
1/2〈τ0m0ΛM |ΛM〉
(
(−1)Λ
∑
e f(τ0λvλe)Ω
(2)+
ev¯ (Λ)
{
τ0 Λ Λ
λv¯ λv λe
}
−(−1)Λ
∑
c f(τ0λcλv¯)Ω
(2)+
vc (Λ)
{
τ0 Λ Λ
λv λv¯ λc
})
(212) 2(−1)λv−λv¯
∑
α=v,e
∑
c(−1)
λα′−λc
∑
u z˜(0λcλvλv¯λα′uu)Ω
(2)+
α′c (Λ)[u]
1/2
{
Λ λα′ λc
u λv λv¯
}
(122)
(−1)Λ[τ0]
1/2
∑
Λ1Λ2Λ
(−1)Λ[Λ1,Λ2,Λ]
1/2〈τ0m0ΛM |ΛM〉
∑
c
(∑
v′(−1)
λc−λv′f(τ0λcλv′)
×Ω˜
(2)+
v′vcv¯(Λ1Λ2Λ)
{
λv′ λv Λ1
λc λv¯ Λ2
τ0 Λ Λ
}
−
∑
e a(λeλv¯Λ2)f(τ0λcλe)Ω
(2)+
evv¯c(Λ1Λ2Λ)
{
λe λv Λ1
λc λv¯ Λ2
τ0 Λ Λ
})
(223)
2
∑
Λ1Λ2
[Λ1]
1/2
∑
cc′
(
a(λvλv¯Λ)
∑
v′ z˜(0λcλc′λv′λv¯Λ2Λ2)Ω˜
(2)+
vv′cc′(Λ1Λ2Λ)
{
Λ1 Λ2 Λ
λv¯ λv λv′
}
−a(Λ1Λ2Λ)
∑
e z˜(0λcλc′λv¯λeΛ2Λ2)Ω
(2)+
evcc′(Λ1Λ2Λ)
{
Λ1 Λ2 Λ
λv¯ λv λe
})
+ 2
∑
Λ1Λ2
(−1)Λ1 [Λ2]
1/2
×
∑
c
{
Λ1 Λ2 Λ
λv¯ λv λc
}(
a(λvλv¯Λ)
∑
µ=v,e(−1)
λµ′+λµ′′ z˜(0λvλcλµ′′λµ′Λ1Λ1)Ω
(2)+
µ′µ′′cv¯(Λ1Λ2Λ)
−a(Λ1Λ2Λ)
∑
ev′(−1)
λe+λv′ z˜(0λcλvλv′λeΛ1Λ1)Ω
(2)+
ev′v¯c(Λ1Λ2Λ)
)
(234)
2
∑
cc′
∑
µ=v,e
∑
Λ2
a(λcλc′Λ2)
(
z˜(0λcλc′λv′′λµ′Λ2Λ2)Ω
(2)+
vv′′µ′v¯c′c(Λ2Λ2Λ0)
+
∑
Λ1Λ3Λ
(−1)λv¯+Λ3+M [Λ1,Λ3,Λ]
1/2〈Λ3M3ΛM |ΛM〉
(
(−1)λv′′
×z˜(0λcλc′λµ′λv′′Λ2Λ2)Ω
(2)+
v′′vµ′v¯c′c(Λ1Λ2Λ3Λ)
{
Λ1 Λ2 Λ
λv′′ λv λµ′
}{
Λ3 Λ Λ
λv λv¯ λv′′
}
+ a(Λ1Λ2λv)
×z˜(0λcλc′λµ′′λµ′Λ2Λ2)Ω
(2)+
µ′′µ′vv¯c′c(Λ1Λ2Λ3Λ)
{
Λ1 Λ2 Λ
λµ′′ λv λµ′
}{
Λ3 Λ Λ
λv λv¯ λµ′′
}))
vµ¯αζβ¯ = vαµ¯β¯ζ = vβ¯ζαµ¯. In Ref.
25, it was showed that vµ¯αζβ¯ may be constructed in two231
distinct ways: (i) reducing the Kronecker product (λµ¯ × λζ) × (λα × λβ¯) (b-scheme); (ii)232
reducing the Kronecker product (λµ¯ × λα) × (λζ × λβ¯) (z-scheme). Then the two-particle233
reduced matrix element is formed in terms of either b(0λµ¯λαλβ¯λζγ1γ1) or z(0λµ¯λαλβ¯λζΓ1Γ1)234
coefficients25 (Sec. 2, Eqs. (24), (30)) for γ = 0.235
Usually the authors (see above cited works) better prefer b-scheme, as it is more con-236
venient to produce the algebraic expression, written for a particular Goldstone diagram.237
Then a two-particle matrix element is denoted vµ¯αζβ¯ ≡ gµ¯αζβ¯ and v˜µ¯αζβ¯ ≡ g˜µ¯αζβ¯; the cor-238
respondent reduced matrix elements are given by Xµ¯αζβ¯ and Zµ¯αζβ¯ (see, for example, Ref.
2
239
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(Appendix, Eqs. (A1), (A5))). Contrarily, in this paper we give priority exceptionally to240
the algebraic analysis of terms, and, along with Theorem II.7, z-scheme is more preferable241
for the arrangement of their irreducible tensor form. Then vµ¯αζβ¯ (v˜µ¯αζβ¯) will be expressed242
by z(0λµ¯λαλβ¯λζΓ1Γ1) (z˜(0λµ¯λαλβ¯λζΓ1Γ1)), where243
z˜(0λµ¯λαλβ¯λζΓ1Γ1) = z(0λµ¯λαλβ¯λζΓ1Γ1)− a(λζλβ¯Γ1)z(0λµ¯λαλζλβ¯Γ1Γ1), (19)
where a(λζλβ¯Γ1) = (−1)
λζ+λβ¯+Γ1. The studied effective one-particle matrix element is rep-244
resented by245
∑
ζµ¯
vζµ¯v˜µ¯αζβ¯
εζβ¯ − εαµ¯
= (−1)λβ¯+mβ¯ S˜αβ¯(τ1)〈λαmαλβ¯ −mβ¯ |τ1m1〉, (20)
where S˜αβ¯(τ1) plays a role of the effective one-particle reduced matrix element. The quantity246
〈λαmαλβ¯−mβ¯|τ1m1〉 denotes the Clebsch-Gordan coefficient of SU(2). Moreover, the form of247
Eq. (20) directly indicates that the one-particle operator, given by the product of Ô1 = aαa
†
β¯
248
and Eq. (20), is simply equal to W τ1m1(λαλ˜β¯)S˜αβ¯(τ1), where the irreducible tensor operator249
W τ1(λαλ˜β¯) = [a
λα× a˜λβ¯ ]τ1 is obtained by reducing Ô1. The representation λ˜β¯ designates the250
transposed annihilation operator a˜
λβ¯
mβ¯ = (−1)
λβ¯−mβ¯a
λβ¯†
−mβ¯
. The matrix elements of W τ1 can251
be found in Ref.26,27. Here and elsewhere, it is considered if necessary that the summation is252
fulfilled over all given one-electron orbitals of marked type. However, only the sum running253
over the repetitive orbitals (ζ , µ¯ in this case) will be written.254
In Tabs. I-III, the index i = 1, 2 labels Vi, while j = 1, 2 labels Ω̂
(1)
j . The operator255
R̂ replaces orbitals in denominators. For example, the expression R̂
(
ν¯η¯→µ¯
βζ→α
)
(εν¯η¯ − εβζ)
−1
256
reads (εµ¯− εα)
−1. The quantities
{
j1 j2 j3
l1 l2 l3
}
and
{ j1 j2 j3
l1 l2 l3
k1 k2 k3
}
denote 6j- and 9j-symbols. The257
elements which are found by making the three-pair contractions between V2 and Ω̂
(1)
2 vanish,258
if representations λα 6= λβ¯ in W
0(λαλ˜β¯). In this case, the orbitals ζ , ρ, η are identical for259
all α, β¯: ζ = c, ρ = e, η = v. Also, we mark off Kαβ¯ ≡ S˜αβ¯, S˜ ′αβ¯ by the summation260
parameter µ ≡ nµλµ: (i) if µ = v, then Kαβ¯ = K˙αβ¯; (ii) if µ = e, then Kαβ¯ = K¨αβ¯ ; (iii)261
if µ = c, then we simply write Kαβ¯ . The tildes designate that the direct and exchanged262
parts of a two-particle matrix element are involved. If given Dαβµ¯ν¯(U˜uτ1), then U˜ marks v˜,263
represented by V2. Additionally, if given Dαβµ¯ν¯(Uu˜τ1), then u˜ marks v˜, fitted to Ω˜
(1)
2 . For264
both U˜ and u˜, we write D˜αβµ¯ν¯(Uuτ1). A similar argument holds for the rest of elements in265
Tabs. II-III. These elements are also separated by the summation parameters. If ξ = 1,266
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TABLE V. The expansion coefficients for two-body terms of the third-order contribution to the
effective Hamiltonian
(mnξ) h
(3)+
mn;ξ(Λ1Λ2Λ)
(121)
−[τ0]
1/2
∑
Λ1Λ
[Λ1,Λ]
1/2
(
(−1)Λ1a(λvλv′τ0)a(Λ1Λ2Λ)[Λ1]
1/2〈τ0m0ΛM |ΛM〉
{
τ0 Λ1 Λ1
Λ2 Λ Λ
}
×
∑
e f(τ0λvλe)Ω
(2)+
ev′v¯v¯′(Λ1Λ2Λ)
{
τ0 λv λe
λv′ Λ1 Λ1
}
+ (−1)m0a(Λ1Λ2Λ)[Λ2]
1/2〈τ0 −m0ΛM |ΛM〉
×
{
τ0 Λ2 Λ1
Λ1 Λ Λ
}∑
c f(τ0λcλv¯′)Ω
(2)+
vv′cv¯(Λ1Λ1Λ)
{
τ0 λv¯′ λc
λv¯ Λ1 Λ2
})
(211)
(−1)λv¯′+Λ
(
[Λ2]
1/2
∑
e(−1)
λe z˜(0λvλv′λeλv¯Λ1Λ1)Ω
(2)+
ev¯′ (Λ)
{
Λ1 Λ2 Λ
λv¯′ λe λv¯
}
− (−1)λv¯+Λ1 [Λ1]
1/2
×
∑
c z˜(0λcλvλv¯′λv¯Λ2Λ2)Ω
(2)+
v′c (Λ)
{
Λ1 Λ2 Λ
λc λv′ λv
})
(222)
a(λv¯λv¯′Λ2)[Λ2]
−1/2
∑
cc′ z˜(0λcλc′λv¯′λv¯Λ2Λ2)Ω
(2)+
vv′cc′(Λ1Λ2Λ) + [Λ1]
−1/2
×
∑
e
∑
µ=v,e z˜(0λvλv′λµ′′λeΛ1Λ1)Ω
(2)+
eµ′′ v¯v¯′(Λ1Λ2Λ) + 2(−1)
Λ1+Λ2 [Λ1,Λ2]
1/2
∑
Λ1Λ2u
[Λ1]
1/2
×[Λ2, u]
1/2
∑
c
(
(−1)Λ1+Λ2
∑
e z˜(0λvλcλeλv¯′uu)Ω
(2)+
ev′v¯c(Λ1Λ2Λ)
{
λv¯′ λe Λ1 Λ2
u λv′ Λ λv¯
λc λv Λ1 Λ2
}
+(−1)λv′+λv¯
∑
v′′(−1)
λc+λv′′ z˜(0λvλcλv′′λv¯′uu)Ω˜
(2)+
v′v′′cv¯(Λ1Λ2Λ)
{
λv¯′ λv′′ Λ1 Λ2
u λv′ Λ λv¯
λc λv Λ1 Λ2
})
(132)
(−1)τ0+M [τ0,Λ2,Λ]
1/2
∑
c
∑
µ=v,e
∑
Λ2Λ3Λϑ
(−1)Λ[Λ2,Λ3, ϑ]
1/2〈Λ3M3ϑ̺|ΛM〉
×〈τ0m0Λ−M |ϑ̺〉
(
(−1)λc−λµ′′+Λ[Λ1]
1/2
∑
Λ1
[Λ1]
1/2f(τ0λcλµ′′)
×
{
λv¯ Λ2 Λ3 Λ λv Λ1
λv¯′ ϑ λv′
Λ2 λc Λ τ0 Λ1 λµ′′
}(
Ω
(2)+
vv′µ′′v¯v¯′c(Λ1Λ2Λ3Λ)− δµva(λv′λv′′Λ1)
×Ω
(2)+
vv′′v′v¯v¯′c(Λ1Λ2Λ3Λ)
)
+ (−1)λv¯′+λv′′+Λ2+Λ3+ϑδµvf(τ0λcλv′′)Ω
(2)+
v′′vv′v¯v¯′c(Λ1Λ2Λ3Λ)
×
{
λc Λ2 Λ Λ3
λv¯′ Λ1 ϑ λv′′
λv¯ Λ2 Λ τ0
})
then the notations are similar to Kαβ¯ case. If ξ = 2 (see Tab. II), then for Dαβµ¯ν¯(uu), we267
write: (i) if ζ, ρ = c, then D ≡ D; (ii) if ζ, ρ = v, then D = D˙; (iii) if ζ, ρ = e, then D = D¨;268
(iv) if ζ = e and ρ = v, then D =
...
D. For ζ = v and ρ = e, the similar triple doted
...
D is269
considered. This is due to the symmetry properties of vαβµ¯ν¯ . Finally, for ∆αβµ¯ν¯(UU), we270
write: (i) if ρ = v, then ∆ = ∆˙; (ii) if ρ = e, then ∆ = ∆¨. In these cases, ζ = c.271
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B. The determination of terms of the third-order effective Hamiltonian272
By Proposition II.2, it follows that this part of computation requires significantly less273
time than the first one. Besides, the none zero terms of ĥ
(3)
mn;ξ are derived in accordance with274
Theorem II.7 which allows to reject a large amount of Ω̂(2) terms, attaching the zero-valued275
contributions. The operators ĥ
(3)
mn;ξ are considered by the formulas276
ĥ
(3)
mn;ξ =
∑
ΛM
WΛM(λvλ˜v¯)h
(3)
mn;ξ(Λ), (21)
– for m+ n− ξ = 1, and277
ĥ
(3)
mn;ξ = −
∑
Λ1Λ2
ΛM
[WΛ1(λvλv′)×W
Λ2(λ˜v¯λ˜v¯′)]
Λ
Mh
(3)
mn;ξ(Λ1Λ2Λ), (22)
– for m + n − ξ = 2. Each coefficient h
(3)
mn;ξ is additionally expressed by the sum of h
(3)+
mn;ξ278
and h
(3)−
mn;ξ. The coefficients h
(3)+
mn;ξ are presented in an explicit form in Tabs. IV-VI. The279
coefficients h
(3)−
mn;ξ are derived from h
(3)+
mn;ξ by making the following alterations:280
(a) Ω
(2)+
αβ¯
(Λ)→ (−1)Lαβ¯+M+1Ω
(2)−
αβ¯
(Λ);281
(b) Ω
(2)+
αβµ¯ν¯(Λ1Λ2Λ)→ (−1)
Lαβµ¯ν¯+MΩ
(2)−
αβµ¯ν¯(Λ1Λ2Λ);282
(c) Ω
(2)+
αβζµ¯ν¯η¯(Λ1Λ2Λ3Λ)→ (−1)
Lαβζµ¯ν¯η¯+M+M3+1Ω
(2)−
αβζµ¯ν¯η¯(Λ1Λ2Λ3Λ).283
Here Lαβ...ζ = λα+λβ+ . . .+λζ. In addition, there holds one more rule: (d) each basis index284
(if such exists) in h
(3)+
mn;ξ, except for m0, is replaced by the opposite sign index. In (a)-(c),285
the indices M and M3 enumerate the basis for Λ and Λ3, respectively. The quantities Ω
(2)±
286
are given in Appendix A, while287
Ω˜
(2)±
αβµ¯ν¯(Λ1Λ2Λ) = Ω
(2)±
αβµ¯ν¯(Λ1Λ2Λ)− a(λαλβΛ1)Ω
(2)±
βαµ¯ν¯(Λ1Λ2Λ). (23)
Particularly, the Ω(2)− are derived by replacing the one-particle and two-particle matrix288
elements vαβ¯ and vαβµ¯ν¯ with vβ¯α and vµ¯ν¯αβ in order to obtain the standard form of the289
constructions that lay out in Tabs. I-III. For example, the element Sαβ¯(τ1τ2τ) (Tab. I)290
is recognized from
∑
µ vαµvµβ¯/(εβ¯ − εµ) by excluding the SO(3)-invariant part. Thus, for291
α = v, β = c, µ = e, we get S¨vc¯(τ1τ2τ) which fits the definition of one-particle operator292
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TABLE VI. The expansion coefficients for two-body terms of the third-order contribution to the
effective Hamiltonian (continued)
(mnξ) h
(3)+
mn;ξ(Λ1Λ2Λ)
(233)
2[Λ2]
1/2
∑
c(−1)
λc
∑
Λ1Λ2Λ3Λ
(−1)M [Λ3,Λ]
1/2
(
(−1)Λ〈Λ3M3Λ−M |ΛM〉
[∑
c′
(
[Λ1,Λ1]
1/2
×(−1)λc′+Λ1
∑
µ=v,e z˜(0λcλc′λv¯′λµ′′Λ2Λ2){δµvΩ
(2)+
vµ′′v′v¯c′c(Λ1Λ2Λ3Λ)− a(λv′λµ′′Λ1)
×Ω
(2)+
vv′µ′′v¯c′c(Λ1Λ2Λ3Λ)}
{
Λ1 Λ2 Λ
λv¯′ λv′ λµ′′
}{ λv λv′ Λ1
λv¯ λv¯′ Λ2
Λ3 Λ Λ
}
− δΛ1Λ1(−1)
λc′+Λ1
×
∑
v′′ z˜(0λcλc′λv¯′λv′′Λ2Λ2)Ω
(2)+
v′′vv′v¯c′c(Λ1Λ2Λ3Λ)
{
Λ2 Λ2 Λ3
λv′′ λv¯ λv¯′
}{
Λ1 Λ2 Λ
Λ3 Λ Λ2
})
− (−1)λv′+Λ1
×[Λ1,Λ2]
1/2
∑
v′′
∑
µ=v,e(−1)
λv′′+λµ¯′′+Λ1+Λ2 z˜(0λvλcλµ¯′′λv′′Λ1Λ1)Ω
(2)+
v′v′′µ¯′′v¯v¯′c(Λ1Λ2Λ3Λ)
×
{
Λ1 Λ2 Λ
λv¯′ λv λc
}{ λv′ λv Λ1
λv¯ λv¯′ Λ2
Λ3 Λ Λ
}]
+ (−1)λv¯+Λ2+Λ3+Λ[Λ1,Λ1,Λ2]
1/2〈Λ3M3ΛM |ΛM〉
∑
u[u]
1/2
×
[
(−1)Λ1
∑
µ=v,e z˜(0λvλcλµ¯′′λµ′′uu)Ω
(2)+
µ′′µ¯′′v′v¯v¯′c(Λ1Λ2Λ3Λ)
{
u λv¯ λc λv¯′ λv Λ2
λµ′′ Λ2 Λ1
λµ¯′′ Λ3 Λ1 Λ λv′ Λ
}
+(−1)λv′
∑
v′′
(∑
e(−1)
λe z˜(0λvλcλeλv′′uu)Ω
(2)+
v′′v′ev¯v¯′c(Λ1Λ2Λ3Λ)
×
{
u λv¯ λc λv¯′ λv Λ2
λv′′ Λ2 Λ1
λe Λ3 Λ1 Λ λv′ Λ
}
− (−1)Λ1+u
∑
v¯′′(−1)
λv¯′′ z˜(0λvλcλv¯′′λv′′uu)
×Ω
(2)+
v¯′′v′v′′v¯v¯′c(Λ1Λ2Λ3Λ)
{
u λv¯ λc λv¯′ λv Λ2
λv¯′′ Λ2 Λ1
λv′′ Λ3 Λ1 Λ λv′ Λ
})])
(244)
2δΛ1Λ2δΛ0(−1)
λv¯+λv¯′
∑
cc′Λ2
(∑
v′′
(∑
v¯′′ a(λv′′λv¯′′Λ1)z˜(0λcλc′λv¯′′λv′′Λ2Λ2)
×Ω
(2)
vv′v′′v¯′′v¯′v¯c′c(Λ1Λ1Λ2Λ20) +
∑
eΛ[Λ][a(λeλv′′Λ2)[Λ1,Λ2]
−1/2z˜(0λcλc′λv′′λeΛ2Λ2)
×Ω
(2)
ev′′vv′v¯′v¯c′c(Λ2Λ1Λ1Λ2Λ)−
∑
Λ3Λ4
[Λ2,Λ3]
1/2(−1)Λ4a(λeλv′Λ1)
{
Λ1 Λ2 Λ
λe λv′ λv
}{
Λ3 Λ4 Λ
λe λv′ λv′′
}
×z˜(0λcλc′λv′′λeΛ4Λ4){Ω
(2)
evv′v′′v¯′v¯c′c(Λ2Λ1Λ3Λ4Λ)− a(λv′λv′′Λ3)Ω
(2)
evv′′v′v¯′v¯c′c(Λ2Λ1Λ3Λ4Λ)}]
)
+
∑
µ=v,e
∑
Λ[Λ][Λ1,Λ2]
−1/2z˜(0λcλc′λµ¯′′λµ′′Λ2Λ2)Ω
(2)
µ′′µ¯′′vv′v¯′v¯c′c(Λ2Λ1Λ1Λ2Λ)
+
∑
v′′v¯′′
∑
Λ3Λ4Λ
a(Λ1Λ3λv¯′′)[Λ][Λ2,Λ3]
1/2z˜(0λcλc′λv¯′′λv′′Λ4Λ4)
{
Λ1 Λ2 Λ
λv¯′′ λv′ λv
}{
Λ3 Λ4 Λ
λv¯′′ λv′ λv′′
}
×[Ω
(2)
v¯′′vv′′v′v¯′v¯c′c(Λ2Λ1Λ3Λ4Λ) + a(λvλv′Λ2)a(λv′′λv¯′′Λ3)Ω
(2)
vv¯′′v′v′′v¯′v¯c′c(Λ2Λ1Λ3Λ4Λ)
−a(Λ3Λ4λv′){Ω
(2)
v¯′′vv′v′′v¯′v¯c′c(Λ2Λ1Λ3Λ4Λ) + (−1)
λv′′+Λ3a(λvλv′Λ2)
×Ω
(2)
vv¯′′v′′v′v¯′v¯c′c(Λ2Λ1Λ3Λ4Λ)}]
)
along with W τm(λvλ˜c¯). On the other hand, another one-particle matrix element could be293
obtained from
∑
µ vαµvµβ¯/(εµ − εα). The last element must be written in a standard form294
(−1)
∑
µ vβ¯µvµα/(εα − εµ) to arrange the element Sβ¯α(τ1τ2τ) correctly. For concrete values295
α = v and β = c, the orbital µ equals to c only (see Proposition II.4), and the element is296
17
denoted Sc¯v(τ1τ2τ). In a tensor formalism, we gain the opposite sign of the basis index m297
in W τm(λvλ˜c¯).298
The diagrammatic interpretation of ĥ
(3)−
mn;ξ can be clarified as follows. The diagrams of299
the third-order effective Hamiltonian H
(3)
eff , assembled in ĥ
(3)−
mn;ξ, are derived by contracting300
the perturbation Vm with Ω̂
(2)−
n , where Ω̂
(2)−
n includes: (i) the folded diagrams; (ii) some301
diagrams, obtained by contracting the core orbitals in Wick’s series; (iii) the diagrams,302
acceded to the reflection of a number of diagrams in Ω̂
(2)+
n about a horizontal axis. Note,303
Ω
(2)+
αβζρµ¯ν¯η¯σ¯ ≡ Ω
(2)
αβζρµ¯ν¯η¯σ¯, since it is obtained from the disconnected diagrams V2Ω̂
(1)
2 (see Tab.304
III).305
C. The estimation of terms306
The evaluation of the number of computed one-body terms (Tab. IV) ofH
(3)
eff is presented307
in Tab. VII, where d± denotes the number of direct terms in ĥ
(3)±
mn;ξ, while d¯
± denotes the308
number of direct terms in ĥ
(3)±
mn;ξ, if the one-body interactions v
τi (i = 0, 1, 2) are absent.309
Totally, there are computed 188+70 = 258 direct one-body terms of ĥ
(3)
mn;ξ and 72+20 = 92310
direct one-body terms of ĥ
(3)
mn;ξ, including the two-particle interactions g
0 only. For instance,311
Blundell et. al.17 calculated 84 diagrams contributing to the third-order mono-valent removal312
energy. In our considerations, their studied energies: a) E
(3)
A − E
(3)
H ; b) E
(3)
I , E
(3)
J and c)313
E
(3)
K , E
(3)
L (see Ref.
17 (Sec. II, Eq. (8))) denote the matrix elements of terms in ĥ
(3)
22;3, ĥ
(3)
23;4314
and ĥ
(3)
21;2, if g
0 represents the Coulomb interaction.315
The estimation of the amount of two-body terms (Tabs. V-VI) that contribute to H
(3)
eff316
is provided in Tab. VIII. There are 217 + 82 = 299 direct two-body terms in ĥ
(3)±
mn;ξ and317
125 + 42 = 167 direct two-body terms including the two-particle interactions g0 only. In318
their study of beryllium and magnesium isoelectronic sequences, Ho et. al.2 calculated 218319
two-body diagrams of the third-order perturbation. Analogous disposition to account for320
the two-particle interactions only, can be found and in other works3,17,28. Additionally, most321
of them do not account for the folded diagrams.322
Meanwhile, the expressions in Tabs. IV-VI, obtained by exploiting the properties of323
proposed model space P (Sec. II), have their own benefits:324
1. The third-order contributions to the effective Hamiltonian Heff are written325
in an operator form providing an opportunity to construct their matrix elements326
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TABLE VII. The amount of one-body terms in MBPT(3)
(mnξ) d+ d¯+ d− d¯−
(111) 13 0 3 0
(122) 37 0 18 0
(212) 14 2 2 0
(223) 67 34 29 2
(234) 57 36 18 18
Total: 188 72 70 20
efficiently. Namely, the irreducible tensor operators, labeled by the representa-327
tions Λ (see Eqs. (21)-(22)), are written apart from the projection-independent328
parts. These angular coefficients include the structure coefficients Ω(2)±, mul-329
tiplied by the 3nj-symbols. Particularly, the coefficients
{ j1 j2 j3 j4
l1 l2 l3 l4
k1 k2 k3 k4
}
330
and
{ k1 k′1 k k′ k2 k′2
p1 p p2
j1 j′1 j j
′ j2 j′2
}
(see Tabs. V-VI), denote the 12j-symbol of the first331
kind16 (Sec. 4-33, Eq. (33.17), p. 207) and the 15j-symbol of the third kind15332
(Sec. 4-20, Eq. (20.3), p. 112).333
2. The form of the expressions in Tabs. IV-VI, allows to evaluate the contri-334
butions of n-particle effects in CC approach. This is done by simply replacing335
Ω(2)± with Ωn (n = 1, 2, 3, 4). By generally accepted labeling, such replacement336
leads to the transformation gαβ...ζ → ραβ...ζ , where ρ denotes the valence singles,337
doubles, triples, quadruples amplitude.338
3. Obtained terms of the third-order perturbation include, in addition, the one-339
particle operators vτi (τi = 0, 1, 2, . . .) that represent the magnetic, hyperfine, etc.340
interactions. Moreover, the general expressions also fit none relativistic as well341
as the relativistic approaches. These effects are embodied in z(0λαλβλν¯λµ¯Γ1Γ1)342
coefficients.343
4. The reduction scheme allows to write a large number of terms in a concise344
form. This feature becomes evident especially clearly when in contrast the terms345
are written side by side their diagrammatic representation.346
Maintaining the completeness of the present discuss, we note that H
(3)
eff also includes the347
19
TABLE VIII. The amount of two-body terms in MBPT(3)
(mnξ) d+ d¯+ d− d¯−
(121) 20 0 10 0
(211) 13 2 3 0
(222) 64 32 31 4
(132) 20 16 10 10
(233) 75 50 28 28
(244) 25 25 − −
Total: 217 125 82 42
terms ĥ
(3)
mn;ξ with m+n− ξ = 0, 3, 4, 5. For example, the coefficient h
(3)+
22;1 (E1Λ1E2Λ2Λ) reads348
h
(3)+
22;1 (E1Λ1E2Λ2Λ) = (−1)
λv′′+λv¯′+λv¯′′+Λ2+Λ[Λ1,Λ2]
1/2
∑
Λ1
(∑
Λ2
a(λv′λv¯Λ2)
× [E1, E2,Λ1]
1/2
∑
cu
z˜(0λcλvλv¯′λv¯uu)Ω
(2)+
v′v′′cv¯′′(Λ1Λ2Λ)
×
{
λv Λ2 Λ2
λv¯′′ u λc
}{
Λ2 λv Λ2
Λ1 Λ Λ1
}{
λv λv′ E1
λv′′ Λ1 Λ1
}{
λv¯′′ λv¯′ E2
λv¯ Λ2 u
}
+ (−1)E1+E2
∑
e
z˜(0λvλv′λeλv¯E1E1)Ω
(2)+
ev′′ v¯′v¯′′(Λ1E2Λ)
×
{
Λ1 Λ1 λv¯
λe E1 λv′′
}{
Λ1 Λ2 Λ
E2 Λ1 λv¯
})
, (24)
and it forms the three-body operator ĥ
(3)
22;1 along with the irreducible tensor operator349
[[WE1(λvλv′)× a
λv′′ ]Λ1 × [WE2(λ˜v¯′′ λ˜v¯′)× a˜
λv¯ ]Λ2 ]ΛM . (25)
However, the triple and higher-order effects are not covered by the examination of this paper.350
IV. CONCLUSIONS351
We present an algebraic technique to evaluate the terms of MBPT. The method relies on352
two main circumstances: the strictly determined operations of the Fock space operators on353
the vectors of the orthogonal subspaces of given separable Hilbert space, and the specific354
reduction scheme of terms of the PT. The aspiration to determine the behavior of the355
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creation and annihilation operators is motivated by the fact that in higher-order perturbation356
theories, a huge number of terms is generated and, particularly, not all computed terms of the357
wave operator attach none zero contributions to the terms of effective interaction operator.358
Therefore the rules that allow to predetermine these valuable terms become meaningful.359
Meanwhile, in the PT, another no less important procedure is to work up the generated360
terms in order to calculate their matrix elements efficiently. If going on the traditional361
route, when each term is expressed side by side its diagrammatic representation, then once362
again one deals with the redundancy of terms and the procedure of reduction becomes363
troublesome. In this paper, however, we suggest the reduction scheme which is of versatile364
disposition. That is, the generated terms are combined in groups related to the different365
types of one-electron orbitals. Afterwards, we construct the effective matrix elements and366
apply the Wigner-Eckart theorem. In the result, we get the irreducible tensor operators and367
the projection-independent parts that are located apart from each other. This means the368
form of reduced terms becomes universal, only the SO(3)-invariant parts that embody the369
dynamics of studied physical interactions are changed. Since the method of reduction is370
applied to the third-order MBPT, we obtain maximum four-body effective matrix elements371
that are derived from the four-body parts of the second-order wave operator.372
Finally, it is worth to mention that obtained symbolic preparation of terms of the373
MBPT(3) can be extremely simplified if applied to some special cases of interest. Mathe-374
matically, this means that some of the irreducible representations drawn in the 3nj-symbols,375
in most cases would be simply equal to zero. Particularly, the 12j- or 15j-symbols would376
become the ordinary and widely used 6j- or 9j-symbols. Moreover, if the one-electron inter-377
actions, characterized by the none scalar representations, are not taken into account, then378
the irreducible one-body and two-body operators of the effective Hamiltonian are simply379
scalar operators. Thus their matrix elements become even simpler.380
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Appendix A: SO(3)-invariant part of the second-order wave operator381
One-body part.382
Ω
(2)+
µc (Λ)(εc − εµ)
= δΛτ [S¨µc(τ1τ2τ) + S˙µc(τ1τ2τ)] + δΛτ1 [
˜¨
Sµc(τ1) +
˜˙
Sµc(τ1)]
+δΛτ2 [
˜¨
S′µc(τ2) +
˜˙
S′µc(τ2)] + δΛ0S˜µc,
(A1a)
Ω(2)−µc (Λ)(εc − εµ) = δΛτScµ(τ1τ2τ). (A1b)
Ω
(2)+
ev (Λ)(εv − εe)
= δΛτ S¨ev(τ1τ2τ) + δΛτ1 [
˜¨
Sev(τ1) +
˜˙
Sev(τ1)]
+δΛτ2 [
˜¨
S′ev(τ2) +
˜˙
S′ev(τ2)] + δΛ0S˜ev,
(A2a)
Ω(2)−ev (Λ)(εv − εe) = δΛτ [S˙ve(τ1τ2τ) + S¨ve(τ1τ2τ)]. (A2b)
Two-body part.383
Ω
(2)+
µµ′cc′(Λ1Λ2Λ)(εcc′ − εµµ′)
= δΛ1uδΛ2dδΛτDµµ′cc′(udτ) + δΛ1UδΛ2uδΛτ1 [Xµµ′cc′(Uuτ1)
+ 1
2
Y˜µµ′cc′(Uuτ1)] + 12δΛ1UδΛ2uδΛτ2Zµ′µcc′(Uuτ2)
×D˜′µ′µcc′(Uuτ2)− δΛ1Λ2δΛ1uδΛ0[
1
4
D¨µµ′cc′(u˜u)
+ 1
4
D˙µµ′cc′(u˜u) + 12
...
Zµµ′cc′(u˜u) +
˜˙∆µµ′cc′(uu) + ˜¨∆µµ′cc′(uu)],
(A3a)
Ω
(2)−
µµ′cc′(Λ1Λ2Λ)(εcc′ − εµµ′)
= − 1
2
δΛ1UδΛ2uδΛτ1Zc′cµµ′(uUτ1)D˜c′cµµ′(uUτ1)
+ 1
2
δΛ1UδΛ2uδΛτ2Zc′cµµ′(uUτ2)[
˜¨
D′c′cµµ′(uUτ2)
+
˜˙
D′c′cµµ′(uUτ2)] + 14δΛ1Λ2δΛ1uδΛ0Zcc′µµ′(u)Dcc′µµ′(uu˜).
(A3b)
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Ω
(2)+
evcc′(Λ1Λ2Λ)(εcc′ − εev)
= −δΛ1uδΛ2dδΛτZvecc′(udτ)Dvecc′ (udτ) + δΛ1UδΛ2uδΛτ1
×[D¨evcc′(Uuτ1) +Zvec′c(Uuτ1)D˙vec′c(Uuτ1)
+ 1
2
˜˙
Devcc′(Uuτ1)− 12Zvecc′(Uuτ1)
˜¨
Dvecc′(Uuτ1)]
+ 1
2
δΛ1UδΛ2uδΛτ2 [−D˜
′
evcc′(Uuτ2) + Zvecc′(Uuτ2)
×D˜′vecc′(Uuτ2)]− δΛ1Λ2δΛ1uδΛ0[
˜¨∆evcc′(uu) + ˜˙∆evcc′(uu)
−Zvecc′(u){
˜¨∆vecc′(uu) + ˜˙∆vecc′(uu)} + Zevc′c(u)...Devc′c(uu˜)],
(A4a)
Ω
(2)−
evcc′(Λ1Λ2Λ)(εcc′ − εev)
= −δΛ1UδΛ2uδΛτ1Zc′cev(uUτ1)D˜c′cev(uUτ1)
+δΛ1UδΛ2uδΛτ2Zc′cev(uUτ2)[
˜¨
D′c′cev(uUτ2)
+
˜˙
D′c′cev(uUτ2)].
(A4b)
Ω
(2)+
µµ′cv¯(Λ1Λ2Λ)(εcv¯ − εµµ′)
= δΛ1uδΛ2dδΛτ δµe[Dee′cv¯(udτ) −Zee′v¯c(udτ)Dee′ v¯c(udτ)]
+δΛ1UδΛ2uδΛτ1 [
˜¨
Dµµ′cv¯(Uuτ1)−Zµµ′v¯c(Uuτ1)
× ˜˙Dµµ′ v¯c(Uuτ1)] + δΛ1UδΛ2uδΛτ2Zµ′µcv¯(Uuτ2)D˜′µ′µcv¯(Uuτ2)
+δΛ1Λ2δΛ1uδΛ0[Zµµ′v¯c(u){
˜¨∆µµ′v¯c(uu) + ˜˙∆µµ′v¯c(uu)}
− ˜¨∆µµ′cv¯(uu)− ˜˙∆µµ′cv¯(uu)− 12 .˜..Dµµ′cv¯(uu)],
(A5a)
Ω
(2)−
µµ′cv¯(Λ1Λ2Λ)(εcv¯ − εµµ′)
= −δΛ1UδΛ2uδΛτ1 [Zv¯cµµ′(uUτ1){D˙v¯cµµ′(uUτ1)
+ 1
2
D˜v¯cµµ′(uUτ1)}+ Zcv¯µ′µ(uUτ1)Dcv¯µ′µ(uUτ1)]
−δΛ1UδΛ2uδΛτ2 [Zcv¯µµ′(uUτ2){
˜¨
D′cv¯µµ′(uUτ2)
+˜˙D′cv¯µµ′(uUτ2)} − Zv¯cµµ′(uUτ2)˜¨D′v¯cµµ′(uUτ2)].
(A5b)
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Ω
(2)+
evv¯c (Λ1Λ2Λ)(εcv¯ − εev)
= δΛ1uδΛ2dδΛτ [Devv¯c(udτ) + Zvecv¯(udτ)Dvecv¯(udτ)]
+δΛ1UδΛ2uδΛτ1 [
˜¨
Devv¯c(Uuτ1) +
˜˙
Devv¯c(Uuτ1)−Zvev¯c(Uuτ1)
×{ ˜¨Dvev¯c(Uuτ1) + ˜˙Dvev¯c(Uuτ1)}] + δΛ1UδΛ2uδΛτ2
×[−D˜′evv¯c(Uuτ2) + Zvev¯c(Uuτ2)D˜′vev¯c(Uuτ2)]
−δΛ1Λ2δΛ1uδΛ0[
˜¨∆evv¯c(uu) + ˜˙∆evv¯c(uu) + .˜..Devv¯c(uu)
−Zvev¯c(u){
˜¨∆vev¯c(uu) + ˜˙∆vev¯c(uu)} − Zevcv¯(u){ ˜¨∆evcv¯(uu)
+ ˜˙∆evcv¯(uu)}+ Zvecv¯(u){ ˜¨∆vecv¯(uu) + ˜˙∆vecv¯(uu)}],
(A6a)
Ω
(2)−
evv¯c(Λ1Λ2Λ)(εcv¯ − εev)
= δΛ1UδΛ2uδΛτ1 [Zv¯cev(uUτ1){D˜v¯cev(uUτ1)−
˜˙
Dv¯cev(uUτ1)}
−Zcv¯ev(uUτ1)D˜cv¯ev(uUτ1)] + δΛ1UδΛ2uδΛτ2 [−Zv¯cev(uUτ2)
×˜¨D′v¯cev(uUτ2) + Zcv¯ev(uUτ2){˜¨D′cv¯ev(uUτ2)
−˜˙D′cv¯ev(uUτ2)}].
(A6b)
Ω
(2)+
evv¯v¯′(Λ1Λ2Λ)(εv¯v¯′ − εev)
= δΛ1UδΛ2uδΛτ1 [D¨evv¯v¯′(Uuτ1) +Zvev¯v¯′(Uuτ1)
×{D˙vev¯v¯′(Uuτ1)− 12
˜¨
Dvev¯v¯′(Uuτ1)}] + 12δΛ1UδΛ2uδΛτ2
×[Zvev¯v¯′(Uuτ2)D˜′vev¯v¯′(Uuτ2)− D˜′evv¯v¯′(Uuτ2)
−˜˙D′evv¯v¯′(Uuτ2)] + δΛ1Λ2δΛ1uδΛ0[− ˜¨∆evv¯v¯′(uu)
− ˜˙∆evv¯v¯′(uu) + Zvev¯v¯′(u){ ˜¨∆vev¯v¯′(uu) + ˜˙∆vev¯v¯′(uu)}],
(A7a)
Ω
(2)−
evv¯v¯′(Λ1Λ2Λ)(εv¯v¯′ − εev)
= −δΛ1UδΛ2uδΛτ1Zv¯′v¯ev(uUτ1)[D˜v¯′ v¯ev(uUτ1)
+ ˜˙Dv¯′v¯ev(uUτ1)] + δΛ1UδΛ2uδΛτ2Zv¯′v¯ev(uUτ2)
× ˜¨Dv¯′v¯ev(uUτ2)− 12δΛ1Λ2δΛ1uδΛ0Zv¯v¯′ev(u)
×D˙v¯v¯′ev(uu˜).
(A7b)
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Ω
(2)+
ee′v¯v¯′(Λ1Λ2Λ)(εv¯v¯′ − εee′)
= δΛ1uδΛ2dδΛτDee′v¯v¯′(udτ) + δΛ1UδΛ2uδΛτ1 [
1
2
˜¨
Dee′v¯v¯′(Uuτ1)
+D˙ee′v¯v¯′(Uuτ1)] + 12δΛ1UδΛ2uδΛτ2Ze′ev¯v¯′(Uuτ2)
×D˜′e′ev¯v¯′(Uuτ2)− δΛ1Λ2δΛ1uδΛ0[
1
2
{ 1
2
D¨ee′v¯v¯′(u˜u)
−Zee′v¯′v¯(u)
...
Dee′ v¯′v¯(u˜u)}+
˜¨∆ee′v¯v¯′(uu) + ˜˙∆ee′v¯v¯′(uu)],
(A8a)
Ω
(2)−
ee′v¯v¯′(Λ1Λ2Λ)(εv¯v¯′ − εee′)
= −δΛ1UδΛ2uδΛτ1Zv¯′v¯ee′(uUτ1)[Dv¯′v¯ee′(uUτ1)
+ ˜˙Dv¯′v¯ee′(uUτ1)] + 12δΛ1UδΛ2uδΛτ2Zv¯′v¯ee′(uUτ2)
×˜¨D′v¯′v¯ee′(uUτ2) + 14δΛ1Λ2δΛ1uδΛ0Zv¯v¯′ee′(u)
×[Dv¯v¯′ee′(uu˜)− D˙v¯v¯′ee′(uu˜)].
(A8b)
In Eq. (A3a), the quantities Xµµ′cc′ , Yµµ′cc′ , Zµµ′cc′ differ for distinct one-electron orbitals µ = v, e.384
If µ = v, then Xvv′cc′ ≡ D¨vv′cc′ , Yvv′cc′ ≡ D˙vv′cc′ and Zvv′cc′ ≡ −Zvv′c′c(u)Dvv′c′c; if µ = e, then385
Xee′cc′ ≡ D˙ee′cc′ , Yee′cc′ ≡ D¨ee′cc′ , Zee′cc′ ≡ Dee′cc′ .386
Three-body part.387
Ω
(2)+
vv′v′′v¯c′c(Λ1Λ2Λ3Λ)(εv¯c′c − εvv′v′′)
= 1
2
δΛΛ3δMM3 [T¨vv′v′′v¯c′c(Λ˜1Λ2Λ) +
1
2
˜˙
T vv′v′′v¯c′c(Λ1Λ2Λ)
−
∑
Λ2Λ
Jvcv¯c′(Λ Λ2ΛΛ2Λ1){
˜¨
T vv′v′′c′v¯c(Λ1Λ2Λ)
+ ˜˙T vv′v′′c′v¯c(Λ1Λ2Λ)}] + (−1)λv+λc′Yvcv¯c′(Λ1Λ2ΛΛ3τ1)
×Tvv′v′′c′cv¯(Λ1τ1) + 12
∑
u a(λv′λv¯u)
×Ivv′v′′v¯c′c(Λ1Λ2Λ3τ1Λu)T˜ ′v′′vv′cv¯c′(uτ2),
(A9a)
Ω
(2)−
vv′v′′v¯c′c(Λ1Λ2Λ3Λ)(εv¯c′c − εvv′v′′)
= 1
2
δΛΛ3δMM3a(λv′λv′′Λ1)[a(λcλc′Λ2)T˜v¯c′cvv′v′′(Λ2Λ1Λ)
+
∑
Λ2Λ
a(λcλc′Λ2)Jvc′v¯c(Λ Λ2ΛΛ2Λ1)Tcc′v¯vv′v′′(Λ˜2Λ1Λ)].
(A9b)
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Ω
(2)+
vv′ev¯c′c(Λ1Λ2Λ3Λ)(εv¯c′c − εvv′e)
= δΛΛ3δMM3 [
1
2
{−a(λcλc′Λ2)T˙vv′ev¯cc′(Λ˜1Λ2Λ)
+ 1
2
˜¨
T vv′ev¯c′c(Λ1Λ2Λ)} − a(λeλv′Λ1){T¨vev′ v¯c′c(Λ˜1Λ2Λ)
+ 1
2
˜˙
T vev′ v¯c′c(Λ1Λ2Λ)} −
∑
Λ2Λ
Jvcv¯c′(Λ Λ2ΛΛ2Λ1)
×{ 1
2
( ˜˙T vv′ec′v¯c(Λ1Λ2Λ) + ˜¨T vv′ec′ v¯c(Λ1Λ2Λ))
+a(λeλv′Λ1)a(λcλv¯Λ2)(
˜˙
T vev′c′cv¯(Λ1Λ2Λ)
+ ˜¨T vev′c′cv¯(Λ1Λ2Λ))}] + (−1)λv+λc′Yvcv¯c′(Λ1Λ2ΛΛ3τ1)
×T˜vv′ec′cv¯(Λ1τ1) + 12a(λeλv¯Λ2)Y
′
vv′ev¯(τ1Λ1ΛΛ3Λ2)
×Tevv′v¯c′c(Λ2τ1) +
∑
u[a(λcλv′Λ2)
×Ivv′ev¯c′c(Λ1Λ2Λ3τ1Λu)Tevv′c′cv¯(uτ1) + 12a(λv′λv¯u)
×Ivv′ev¯c′c(Λ1Λ2Λ3τ2Λu)T˜ ′evv′cv¯c′(uτ2) + (−1)
λv−λv¯
×a(λeλv′Λ1)Ivev′ v¯c′c(Λ1Λ2Λ3τ2Λu)T˜ ′v′evcv¯c′(uτ2)],
(A10a)
Ω
(2)−
vv′ev¯c′c(Λ1Λ2Λ3Λ)(εv¯c′c − εvv′e)
= δΛΛ3δMM3a(λeλv′Λ1)[a(λcλc′Λ2)T˜v¯c′cvv′e(Λ2Λ1Λ)
+ 1
2
∑
Λ2Λ
{Jvcv¯c′(Λ Λ2ΛΛ2Λ1)T˜c′cv¯vv′e(Λ2Λ1Λ)
+(−1)λv−λe
∑
Λ1
I ′vv′ev¯c′c(Λ1Λ2Λ1Λ2ΛΛ)(Tc′cv¯evv′(Λ˜2Λ1Λ)
−a(λcλv¯Λ2)T˜c′ v¯cevv′(Λ2Λ1Λ))}].
(A10b)
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Ω
(2)+
ee′vv¯c′c(Λ1Λ2Λ3Λ)(εv¯c′c − εee′v)
= δΛΛ3δMM3 [
1
2
{T¨ee′vv¯c′c(Λ˜1Λ2Λ) + 12
˜˙
T ee′vv¯c′c(Λ1Λ2Λ)}
+a(λvλe′Λ1){a(λcλc′Λ2)T˙eve′ v¯cc′(Λ˜1Λ2Λ)
− 1
2
˜¨
T eve′v¯c′c(Λ1Λ2Λ)}+
∑
Λ2Λ
Jecv¯c′(Λ Λ2ΛΛ2Λ1)
×{ 1
2
(a(λcλv¯Λ2)
˜¨
T ee′vc′cv¯(Λ1Λ2Λ)−
˜˙
T ee′vc′v¯c(Λ1Λ2Λ))
+a(λvλe′Λ1)(
˜¨
T eve′c′v¯c(Λ1Λ2Λ) +
˜˙
T eve′c′v¯c(Λ1Λ2Λ))}]
+δΛ1Λ2δΛ3τ1δΛ0Tee′vv¯c′c(Λ1τ1) + (−1)
λe+λc′
×Yecv¯c′(Λ1Λ2ΛΛ3τ1)T˜ee′vc′cv¯(Λ1τ1) +
∑
u[a(λe′λc′Λ2)
×Iee′vv¯cc′(Λ1Λ2Λ3τ1Λu)Tvee′c′cv¯(uτ1) + a(λe′λv¯u)
×{ 1
2
Iee′vv¯c′c(Λ1Λ2Λ3τ2Λu)T˜ ′vee′cv¯c′(uτ2)
+(−1)λe−λvIeve′ v¯c′c(Λ1Λ2Λ3τ2Λu)T˜ ′e′vecv¯c′(uτ2)}],
(A11a)
Ω
(2)−
ee′vv¯c′c(Λ1Λ2Λ3Λ)(εv¯c′c − εee′v)
= δΛΛ3δMM3a(λvλe′Λ1)[a(λcλc′Λ2)T˜v¯c′cee′v(Λ2Λ1Λ)
+ 1
2
∑
Λ2Λ
{Jecv¯c′(Λ Λ2ΛΛ2Λ1)T˜c′cv¯ee′v(Λ2Λ1Λ)
+(−1)λe−λv
∑
Λ1
I ′ee′vv¯c′c(Λ1Λ2Λ1Λ2ΛΛ)(Tc′cv¯vee′(Λ˜2Λ1Λ)
−a(λcλv¯Λ2)T˜c′v¯cvee′(Λ2Λ1Λ))}].
(A11b)
Ω
(2)+
vv′v′′v¯v¯′c(Λ1Λ2Λ)(εv¯v¯′c − εvv′v′′)
= 1
2
δΛΛ3δMM3 [
˜¨
T vv′v′′v¯v¯′c(Λ1Λ2Λ) +
˜˙
T vv′v′′v¯v¯′c(Λ1Λ2Λ)
+a(λcλv¯′Λ2)
∑
Λ2Λ
Jvv¯′v¯c(Λ Λ2ΛΛ2Λ1)T¨vv′v′′cv¯v¯′(Λ˜1Λ2Λ)],
(A12a)
Ω
(2)−
vv′v′′v¯v¯′c(Λ1Λ2Λ)(εv¯v¯′c − εvv′v′′)
= δΛΛ3δMM3a(λv′λv′′Λ2)[
1
4
a(λcλv¯′Λ1)T˜v¯v¯′cvv′v′′(Λ2Λ1Λ)
−Tv¯cv¯′vv′v′′(Λ˜2Λ1Λ)].
(A12b)
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Ω
(2)+
vv′ev¯v¯′c(Λ1Λ2Λ3Λ)(εv¯v¯′c − εvv′e)
= δΛΛ3δMM3 [
1
2
{˜¨T vv′ev¯v¯′c(Λ1Λ2Λ) + ˜˙T vv′ev¯v¯′c(Λ1Λ2Λ)}
−a(λeλv′Λ1){
˜¨
T vev′v¯v¯′c(Λ1Λ2Λ) +
˜˙
T vev′v¯v¯′c(Λ1Λ2Λ)}
+a(λcλv¯′Λ2)
∑
Λ2Λ
Jvv¯′ v¯c(Λ Λ2ΛΛ2Λ1)
×{ 1
4
˜¨
T vv′ecv¯v¯′(Λ1Λ2Λ)− 12a(λv¯λv¯′Λ2)T˙vv′ecv¯′v¯(Λ˜1Λ2Λ)
−a(λeλv′Λ1)T¨vev′cv¯v¯′(Λ˜1Λ2Λ)}] + (−1)
λe−λv¯
×[(−1)λc+λv¯′Y ′vv′ev¯(τ1Λ1ΛΛ3Λ2)Tevv′ v¯cv¯′(Λ2τ1)
+a(λvλv′Λ2)Yvv¯′v¯c(Λ1Λ2ΛΛ3τ1)Tvev′cv¯v¯′(Λ1τ1)]
+ 1
2
∑
u[(−1)
λe−λv¯a(λvλv′Λ1)Ivev′ v¯v¯′c(Λ1Λ2Λ3τ2Λu)
×T˜ ′v′evcv¯v¯′(uτ2) + a(λv′λv¯′Λ2)
×Ivv′ev¯cv¯′(Λ1Λ2Λ3τ2Λu)T˜ ′evv′v¯′cv¯(uτ2)],
(A13a)
Ω
(2)−
vv′ev¯v¯′c(Λ1Λ2Λ3Λ)(εv¯v¯′c − εvv′e)
= δΛΛ3δMM3 [T˜v¯cv¯′vev′(Λ2Λ1Λ)−
1
2
a(λcλv¯′Λ2)
×T˜v¯v¯′cvev′(Λ2Λ1Λ) +
∑
Λ1Λ2Λ
a(λvλv′Λ2)
×{a(λv¯λv¯′Λ1)Tcv¯v¯′evv′(Λ˜2Λ1Λ)
×I ′vv′ev¯cv¯′(Λ1Λ2Λ1Λ2ΛΛ)−
1
4
a(λcλv¯Λ1)
×T˜v¯′v¯cevv′(Λ2Λ1Λ)I
′
vv′ev¯v¯′c(Λ1Λ2Λ1Λ2ΛΛ)}].
(A13b)
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Ω
(2)+
ee′vv¯v¯′c(Λ1Λ2Λ3Λ)(εv¯v¯′c − εee′v)
= δΛΛ3δMM3 [
1
2
{˜¨T ee′vv¯v¯′c(Λ1Λ2Λ) + ˜˙T ee′vv¯v¯′c(Λ1Λ2Λ)}
−a(λe′λvΛ1){
˜¨
T eve′ v¯v¯′c(Λ1Λ2Λ) +
˜˙
T eve′v¯v¯′c(Λ1Λ2Λ)}
+a(λcλv¯′Λ2)
∑
Λ2Λ
Jev¯′v¯c(Λ Λ2ΛΛ2Λ1){ 12 T¨ee′vcv¯v¯′(Λ˜1Λ2Λ)
−a(λe′λvΛ1)( 12
˜¨
T eve′cv¯v¯′(Λ1Λ2Λ) +
˜˙
T eve′cv¯v¯′(Λ1Λ2Λ))}]
+δΛ1Λ2δΛ3τ1δΛ0T˜ee′vv¯v¯′c(Λ1τ1) + a(λeλv¯Λ1)(−1)
Λ2
×Yev¯′v¯c(Λ1Λ2ΛΛ3τ1)Tee′vcv¯v¯′(Λ1τ1) +
∑
u[
1
2
a(λe′λv¯u)
×{Iee′vv¯v¯′c(Λ1Λ2Λ3τ1Λu)Tvee′cv¯v¯′(uτ1)
+Iee′vv¯v¯′c(Λ1Λ2Λ3τ2Λu)T
′
vee′cv¯v¯′(uτ2)}+ a(λe′λvΛ1)
×{a(λvλv¯u)a(λcλv¯′Λ2)Ieve′ v¯cv¯′(Λ1Λ2Λ3τ2Λu)
×T˜ ′e′evv¯′v¯c(uτ2) + 12(−1)
λe−λv¯Ieve′ v¯v¯′c(Λ1Λ2Λ3τ2Λu)
×T˜ ′e′vecv¯v¯′(uτ2)}],
(A14a)
Ω
(2)−
ee′vv¯v¯′c(Λ1Λ2Λ3Λ)(εv¯v¯′c − εee′v)
= −δΛΛ3δMM3 [a(λe′λvΛ1){T˜v¯cv¯′ee′v(Λ2Λ1Λ)
− 1
2
a(λcλv¯′Λ2)T˜v¯v¯′cee′v(Λ2Λ1Λ)}
+
∑
Λ1Λ2Λ
a(λeλe′Λ1)a(λcλv¯Λ2){(−1)
Λ2
×I ′ee′vv¯cv¯′(Λ1Λ2Λ1Λ2ΛΛ)Tcv¯v¯′vee′(Λ˜2Λ1Λ)
+ 1
4
I ′ee′vv¯v¯′c(Λ1Λ2Λ1Λ2ΛΛ)T˜v¯′v¯cvee′(Λ2Λ1Λ)}].
(A14b)
Four-body part.388
Ω
(2)
vv′v′′v′′′v¯v¯′cc′(Λ1Λ2Λ3Λ4Λ)(εv¯v¯′cc′ − εvv′v′′v′′′)
= 1
2
(−1)Λ3a(λcλv¯Λ1)Fc′cv¯v¯′(Λ1Λ2Λ3Λ4Λ)
×Qvv′v′′v′′′v¯cc′v¯′(Λ˜1Λ3).
(A15)
29
Ω
(2)
evv′v′′v¯v¯′cc′(Λ1Λ2Λ3Λ4Λ)(εv¯v¯′cc′ − εevv′v′′)
= 1
4
δΛ1Λ2δΛ3Λ4δΛ0Qevv′v′′v¯v¯′cc′(Λ˜1Λ3) + (−1)
Λ3a(λeλvΛ1)
×Fc′cv¯v¯′(Λ1Λ2Λ3Λ4Λ)Qvev′v′′cv¯c′v¯′(Λ˜1Λ3) + 12(−1)
Λ3
×a(λeλvΛ4)Fevv′v′′(Λ4Λ3Λ2Λ1Λ)Qvv′ev′′cc′v¯v¯′(Λ4Λ2)
+ 1
2
∑
udGevv′v′′v¯v¯′cc′(udΛ1Λ3Λ2Λ4Λ)Q˜vv′ev′′v¯cc′v¯′(ud).
(A16)
Ω
(2)
ee′vv′v¯v¯′cc′(Λ1Λ2Λ3Λ4Λ)(εv¯v¯′cc′ − εee′vv′)
= 1
4
δΛ1Λ2δΛ3Λ4δΛ0{Qee′vv′v¯v¯′cc′(Λ˜1Λ3) +Qvv′ee′cc′v¯v¯′(Λ˜3Λ1)}
− 1
2
(−1)Λ3{Fc′cv¯v¯′(Λ1Λ2Λ3Λ4Λ)Qee′vv′cv¯c′v¯′(Λ˜1Λ3)
+(−1)Λ1+Λ4Fe′evv′(Λ4Λ3Λ2Λ1Λ)Qeve′v′cc′v¯v¯′(Λ˜4Λ2)
+a(λv¯λv¯′Λ2)a(λcλc′Λ4)Fcc′ v¯′v¯(Λ1Λ2Λ3Λ4Λ)
×Qvv′ee′cv¯c′v¯′(Λ˜3Λ1) + a(λvλv′Λ3)a(λeλe′Λ4)
×Fee′v′v(Λ4Λ3Λ2Λ1Λ)Qeve′v′v¯v¯′cc′(Λ˜2Λ4)}+ a(λeλe′Λ1)
×
∑
ud a(λc′λv¯′d)Q˜eve′v′v¯cv¯′c′(ud)
×Ge′evv′v¯v¯′cc′(udΛ1Λ3Λ2Λ4Λ).
(A17)
The coefficients J , Y , Y ′, I, I ′, F , G are defined by the following formulas389
Jαβµ¯ν¯(Λ1Λ2Λ1Λ2Λ) = (−1)
Λ2+Λ2 [Λ1][Λ2,Λ2]
1/2
{
λα λν¯ Λ1
λµ¯ λβ Λ2
Λ1 Λ2 Λ
}
, (A18)
Yαβµ¯ν¯(Λ1Λ2Λ1Λ2Λ) = (−1)
Λ1+Λ2+Λ1+Λ2 [Λ1,Λ2,Λ]
1/2
× 〈ΛMΛ1M1|Λ2M2〉
{
Λ1 Λ2 Λ1
λν¯ λµ¯ λβ
}{
Λ1 Λ2 Λ
λα λν¯ λµ¯
}
, (A19)
Y ′αβµ¯ν¯(Λ1Λ2Λ1Λ2Λ) = (−1)
Λ1+Λ2 [Λ1,Λ1,Λ2]
1/2
× 〈Λ1M1Λ1M1|Λ2M2〉
{
Λ1 Λ2 Λ
λβ λα λµ¯
}{
Λ1 Λ2 Λ1
λν¯ λµ¯ λα
}
, (A20)
Iαβζµ¯ν¯η¯(Λ1Λ2Λ1Λ2ΛΛ) = (−1)
Λ+Λ1 [Λ1,Λ2,Λ2,Λ,Λ]
1/2
× 〈Λ2M2ΛM |Λ1M1〉
{
λα λβ Λ
λν¯ λµ¯ Λ1
}{ λβ λζ Λ1
λν¯ λη¯ Λ2
Λ1 Λ2 Λ
}
, (A21)
30
TABLE IX. The expressions for phase factors Zα′β′µ¯′ν¯′
λα′ λβ′ λµ¯′ λν¯′ Zα′β′µ¯′ν¯′(Λ1Λ2Λ)
λα λβ λµ¯ λν¯ 1
λα λβ λν¯ λµ¯ a(λµ¯λν¯Λ2)
λβ λα λµ¯ λν¯ a(λαλβΛ1)
λβ λα λν¯ λµ¯ a(λαλβΛ1) a(λµ¯λν¯Λ2)
λµ¯ λν¯ λα λβ a(λαλβΛ2) a(λµ¯λν¯Λ1)
λµ¯ λν¯ λβ λα a(λµ¯λν¯Λ1)
λν¯ λµ¯ λα λβ a(λαλβΛ2)
λν¯ λµ¯ λβ λα 1
I ′αβζµ¯ν¯η¯(Λ1Λ2Λ1Λ2ΛΛ) = (−1)
λα+λζ+λµ¯+λη¯+Λ1+Λ1+Λ2+Λ+Λ
× [Λ][Λ1,Λ2,Λ1,Λ2]
1/2
[
Λ λβ λη¯ Λ
λµ¯ Λ2 Λ1 λζ
λα Λ2 Λ1 λν¯
]
, (A22)
Fαβζρ(Λ1Λ2Λ1Λ2Λ) = (−1)
Λ2 [Λ2,Λ2]
1/2
{
Λ1 Λ2 Λ
λρ λβ λζ
}{
Λ1 Λ2 Λ
λβ λρ λα
}
, (A23)
Gαβζρµ¯ν¯η¯σ¯(Λ1Λ2Λ1Λ2Λ1Λ2Λ) = (−1)
Λa(λαλβΛ1)a(λν¯λσ¯Λ2)
× [Λ1,Λ2,Λ1,Λ2,Λ1,Λ2]
1/2
{
λβ λµ¯ Λ1 Λ1 λα λν¯
Λ1 Λ Λ2
λζ λη¯ Λ2 Λ2 λρ λσ¯
}
. (A24)
In Eq. (A22), the last term with the brackets [. . .] denotes 12j-symbol of the second kind (see390
Ref.15 (Sec. 4-19, Eq. (19.3), p. 102)). In Eqs. (A3)-(A8), the expressions for the coeffi-391
cients Zα′β′µ¯′ν¯′(Λ1Λ2Λ), where {α
′, β′, µ¯′, ν¯ ′} denote somehow permuted orbitals {α, β, µ¯, ν¯} of392
the coefficient Ω
(2)
αβµ¯ν¯(Λ1Λ2Λ), are displayed in Tab. IX. Particularly, we use the abbreviation393
Zα′β′µ¯′ν¯′(Λ1Λ10) ≡ Zα′β′µ¯′ν¯′(Λ1).394
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